mechanical performance, bundled SWNTs may be the material form of carbon nanotubes that holds the most promise for bulk nanotube composites. However, nanotubes are not continuous over great lengths and individual nanotubes in the bundle can vary in length such that any number of nanotubes can be shorter than the length of the bundle. Hence, if a tensile force was to be applied to such a bundle of discontinuous SWNTs, the individual nanotubes would have a tendency to slide past each other. This sliding will occur unless the non-bonded (van der Waals) forces between nanotubes are high enough to resist relative motion. Therefore, it is important to quantify the non-bonded forces between bundled nanotubes and understanding how these forces affect the relative sliding of nanotubes.
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ABSTRACT
An important consideration for load transfer in bundles of single-walled carbon nanotubes is the nonbonded (van der Waals) forces between the nanotubes and their effect on axial sliding of the nanotubes relative to each other. In this research, the non-bonded forces in a bundle of seven hexagonally packed (10, 10) single-walled carbon nanotubes are represented as an axial force applied to the central nanotube. A simple model, based on momentum balance, is developed to describe the velocity response of the central nanotube to the applied force. The model is verified by comparing its velocity predictions with molecular dynamics simulations that were performed on the bundle with different force histories applied to the central nanotube. The model was found to quantitatively predict the nanotube velocities obtained from the molecular dynamics simulations. Both the model and the simulations predict a threshold force at which the nanotube releases from the bundle. This force converts to a shear yield strength of 10.5-11.0 MPa for (10, 10) nanotubes in a bundle.
Although there are currently no direct experiments on the relative sliding of nanotubes in bundles recorded in the literature, there are several examples of experiments and models which seek to describe the strength of the non-bonded interactions of nanotubes. Two recent laboratory experiments have addressed sliding between the shells of multiwalled carbon nanotubes (MWNT). 3, 4 In the first experiment, upper bounds on static and dynamic interlayer friction were estimated to be 0.66 and 0.43 MPa, respectively, from measurements on the contact area of nested nanotube shells with high-resolution transmission electron microscopy shells that were used in conjunction with a model for the van der Waals energy. 3 In the second experiment, shear interaction strengths of 0.08 and 0.3 MPa were obtained for two different MWNTs from displacement and force curves measured during sliding and pulling out of nested nanotube shells by a mechanical-loading stage inside a scanning electron microscope.
INTRODUCTION
Single-walled carbon nanotubes (SWNT) are nanoscale hollow cylinders made of a single layer of graphite. 1 The synthesis of SWNTs often results in the formation of bundles consisting of hexagonal arrays of nanotubes. Modeling efforts have also addressed the non-bonded interactions between nanotubes 5 and of nanotubes with polymers. [6] [7] [8] [9] One molecular dynamics simulation study has indicated that shear load transfer in SWNTs bundles with an added degree of twist between the nanotubes may be significantly higher than load transfer between nanotubes in an untwisted bundle. 5 The authors have used molecular dynamics simulations to estimate the force required to pull the 
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th AIAA/ASME/ASCE/AHS/ASC Structures, Structural Dynamics, and Materials Conference AIAA-2003-1536 April 7-10, 2003, Norfolk, VA nanotube through a polyethylene composite in which the embedded nanotube was either covalently bonded to the polymer or had non-bonded van der Waals interactions (represented by the Lennard-Jones potential) with the polymer. [6] [7] [8] The results of this work have shown that at even low grafting densities of chemical bonds, such as those introduced through defects, covalent bonding of the polymer to a nanotube can make a large difference in the shear yield strength. 6 The frictional behavior of the nanotube sliding through the polymer matrix beyond the yield point has also been described with a Bingham fluid-type model which was used to characterize the threshold stress and the interfacial viscosity obtained from the simulation. 7, 8 Another simulation effort on polymer-nanotube composites used molecular mechanics to compare the shear yield strengths of nanotubes in several different helicalwrapped polymer chains. 9 The present work on the mechanical performance of SWNT bundles is motivated by the current lack of experimental data and validated analyses that address the relative sliding behavior of nanotubes in bundles. The objective of the research is to quantify the effect that the net force on a nanotube in a bundle, arising from non-bonded interactions with its neighboring nanotubes, has on the axial sliding of nanotubes. The approach taken is to develop a simple model, based on momentum balance, that is verified with molecular dynamics (MD) simulations.
As a representative case, the system under study consists of seven continuous SWNTs arranged in a hexagonal-shaped array, without supporting matrix. First, several different force histories are applied to the central nanotube in the bundle, and the system response is simulated by MD. Next, the momentum model is developed to include the non-bonded interactions between nanotubes and the force histories from MD. The momentum model is then parameterized with non-bonded force information from an MD simulation. Velocity profiles of the central nanotube are subsequently predicted from the momentum model and compared to those obtained from MD simulation. Finally, a shear yield strength estimate is made from the MD simulation results for nanotube pull-out in bundles in comparison to the earlier work 6 on nanotube pull-out in polymer composites.
MOLECULAR DYNAMICS SIMULATIONS
Molecular dynamics simulations model the interactions of a collection of particles at the atomistic scale.
MD simulates path-dependent processes by solving the equations of motion for all the particles. Theoretical description of the method is beyond the scope of this paper; the reader is referred to Raabe 10 for these details.
MD simulations were performed on a system of seven (10,10) single-walled carbon nanotubes arranged in a hexagonal close-packed form ( Fig. 1) , where (10, 10) refers to the structural arrangement of the carbon atoms and is often referred to as the "armchair" configuration. 1 The nanotubes are 13.6 Å in diameter, a size typically observed in experiments done on single-walled carbon nanotubes. 1 In the simulations, the chemical bonding in the nanotubes was modeled with the carbon potential developed by Brenner, et al.
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The non-bonding interactions between nanotubes were accounted for by using the Lennard-Jones potential with the parameters, s=3.35 Å and e=51.2 K. 12 The equations of motion were integrated with a thirdorder Gear predictor-corrector algorithm, at a time step of 1 fs. Periodic boundary conditions were applied in the axial direction. The starting structure in the periodic structure contained seven flexible tubes of length 106 Å, separated by 3.2 Å. The axial length of the periodically repeating volume was held constant during the simulation.
The initial configuration was partially equilibrated with a generalized Langevin thermostat at 300 K for 2000 steps integrated at 2 fs time steps. The equilibration of the system was then continued at 300 K at a 1 fs time step for 20000 time steps by controlling the temperature with velocity rescaling. Afterward, the outer six nanotubes were then fixed in place and the equilibrated configuration was the starting point of the MD simulations to be described.
In each MD simulation, force was applied to each atom of the inner nanotube, and the velocity of every atom in the inner nanotube was monitored. Three different kinds of loading profiles were used that are referred to as Type I, II, and III, herein. Type I was a single step increase in force DF, at 3 ps, after which the force was held constant. Type II was an incrementally increasing force on the inner nanotube applied at a constant rate of DF after every time interval Dt, after an initial application of (0.27 nN). Type III was an incrementally increasing force that was applied at a constant rate (after the initial application of 0.27 nN), as in Type II, and then incrementally decreased at the same rate back to a zero-valued applied force. The details of the MD simulations cases are summarized in Table I and m is the mass of a carbon atom, V is the average velocity of the inner nanotube, F NB is the net force on the central nanotube from the six neighbors, and F is the net externally applied force on the central nanotube.
Equation (5) is the average acceleration of the inner nanotube in the Z-direction. Equations (7) and (8) are simply the momentum balance in the Z-direction for the inner nanotube as a whole.
A

RESULTS
This section describes how the momentum model was parameterized and applied to predict the velocity of the central nanotube for different applied force histories. Finally, a threshold force at which the nanotube releases from the bundle was calculated from the simulations. The momentum model was calibrated with the results from a molecular dynamics simulation involving the application of force at a constant rate (Case 1) after an initial application of force. The loading history is shown in Fig. 2 together with the average Zcomponent of velocity for the inner nanotube computed by molecular dynamics. This velocity is used in conjunction with Eq. (8) to obtain F NB (t) (Fig.  3) . The force F NB results from van der Waals interactions of the central nanotube with the surrounding nanotubes, and is a function of the relative positions of the atoms in the inner nanotube, with respect to the surrounding nanotubes. Hence, for the purpose of making predictions with this model, it is convenient to express F NB as a function of the axial displacement U of the inner nanotube. The Fig. 4 . Four points near zero displacement are omitted to improve the integration (see dotted line in Fig. 4 inset) . The axial displacement U(t) of the inner nanotube is directly available from the molecular dynamics results for Case 1.
The momentum model result for Case 1 which was used for calibration is shown in Fig. 2 (dotted line) . The nanotube velocity predicted from the momentum balance model agrees with the molecular dynamics simulation to within 1 Å /ps.
The results from seven different molecular dynamics simulations (Cases 2-8) are compared to the momentum model predictions in Figs. 5-11. For each case, the velocity of the central nanotube, obtained from the MD simulation, is compared with the predicted velocity from the momentum model, by using F NB (U) from Fig. 4 (Case 1) as input. A ramped force F(t), with progressively increasing ramp rates, is applied in Cases 2-6 (Figs. 5-9, respectively). As the ramp rate increases, the nonbonded force on the inner nanotube F NB becomes negligible with respect to the applied force F(t); that is, F NB << F. Hence, at higher force ramp rates of 0.01 nN/ps to 0.1 nN/ps (Cases 3-6), the motion of the inner nanotube is dictated largely by its inertial response to F(t), and there is better agreement between the momentum model and the corresponding MD results. The maximum deviation in these cases (Cases 3-6) between the velocities from the momentum model and the MD simulation ranges from 2-4 Å/ps or 3-12 % of the maximum velocity in the MD simulation. At the lower ramp rate of 4.6 x10 -3 nN/ps (Case 2), F NB plays a critical role in determining the velocity response of the inner nanotube. The maximum deviation between the velocity from the momentum model and the MD simulation in Case 2 is 3.5 Å/ps or 15 % of the maximum MD simulation velocity.
Some points need to be made about F NB (U) that is calculated by the method described herein. First, the force F NB can be calculated from the results of the other MD simulations given in Table 1 by using Eq. (8) . Because the inner nanotube has 3n degrees of freedom that respond differently to different F(t), these calculations would result in different functional forms of F NB for each F(t). Hence, although Fig. 4 is representative of the magnitude and periodicity of fluctuations in the non-bonded axial force on the inner nanotube, it is not unique. Second, to facilitate the interpretation of results, it is best to calculate F NB from a MD simulation with a relatively low axial velocity V(t) because F NB (U) is calculated at discrete points and a low V(t) would yield a monotonically increasing U(t) with enough closely spaced points in F NB (U).
The force F NB (U) was also calculated by translating the central nanotube (as a rigid entity) with respect to the other six nanotubes (also rigid) and performing a molecular statics calculation. The molecular statics calculation over-predicted the magnitude of fluctuations in F NB (U) because the nanotubes do not translate as rigid entities in MD and significant local configuration changes occur during nanotube translation. The over-prediction resulted whether the starting configuration was an ideal configuration obtained from purely geometric considerations or an equilibrated structure from molecular dynamics (without an externally applied force).
As a final check on the momentum model, it is compared to MD simulations in which a constant force is applied to the nanotube (Case 7; Fig. 10 ) and and in which a progressively increasing and then decreasing force (Case 8; Fig. 11 ). In the constant force case, the momentum balance model deviates 2.5 Å/ps or 22 % of maximum velocity. This simulation reaches the lowest maximum nanotube velocity, and is therefore the most difficult case to match. In the case of increasing and decreasing force, the inertia of the inner nanotube results in a non-zero V(t) even after the externally applied force has decreased to a value of zero. The agreement between the momentum balance model and the MD simulation is excellent regarding the shape of the curve. The error between the velocity from the momentum model and the MD simulation in Case 7 at the end of the simulation is 1 Å/ps or 7% of the maximum velocity.
Momentum Model Verification
To make velocity predictions for an arbitrary force F(t), as applied in the molecular dynamics simulations, it is convenient to recast Eq. (8) as two first-order ordinary differential equations given by
Equation (9) is solved for V(t) by using a multi-step solver in MATLAB 13 for stiff ordinary differential equations.
This solver uses a backward differentiation formula, also known as Gear's method.
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Comparison to a Polymer-Nanotube Composite In previous work on polymer-nanotube composites, the shear yield strength, t 0 , was calculated and used as the threshold stress for nanotube pull-out. 6 By way of comparison to the polymer case, t 0 can be obtained from the simulations presented herein for nanotube bundles. Case 2 provides the most detailed information on t 0. The range of forces in the vicinity of the threshold force, before the nanotube begins to slide through the bundle, is 0.59-0.62 nN. This force value will vary slightly with the particular (10,10) nanotube bundle configuration. The quantity t 0 is calculated from the threshold force at which the nanotube releases from the polymer. Dividing the threshold force through by the surface area of the inner nanotube results in t 0 =10.5-11.0 MPa. The surface area is calculated from the length of the nanotube and the radius of the nanotube, which includes half the van der Waals separation distance (assumed to be 3.35 Å). The value for t 0 will, however, be different for nanotubes of different radii. The range of t 0 values calculated herein is higher than the values reported for the sliding of nanotubes within multi-walled nanotube, at 0.3 MPa. 4 The value is also higher than the 3 MPa calculated for nanotubes in polyethylene. 6 
CONCLUSIONS
A simple model, based on momentum balance, has been developed to describe the relative sliding of nanotubes in a bundle as an axial force is applied to one of the nanotubes. The model incorporated the non-bonded interactions of a centrally located nanotube in a hexagonal bundle of seven nanotubes. The input for the non-bonded interactions was obtained from molecular dynamics simulations which used the Lennard-Jones potential to represent the van der Waals interactions between the nanotubes.
The model was verified by comparing its predictions to molecular dynamics simulation.
In both the model and the simulations, an axial force was applied to the central nanotube with varying rate of increasing or decreasing force. The velocity of the nanotube under the different applied force histories was then compared with those predicted by the molecular dynamics simulation. At lower applied force loading rates, the non-bonded interactions play an important role in determining the sliding velocity of the nanotube. At higher applied force loading rates, the motion of the inner nanotube is dictated largely by its inertial response to the applied force.
In general, quantitative agreement was observed between the simulations and the model under the rates of forces applied, which translates to 0.01-0.1 nN/ps.
Both the simulations and the model also indicate that there is a force at which the nanotube releases from the bundle. From this force, the shear yield strength of nanotube in the bundle was found to be t 0 = 10.5-11.0 MPa. This result is higher than the values observed for the relative sliding of nested shells of multi-walled carbon nanotubes and for single-walled nanotubes in polymer composites. 
